Small oscillations of current-carrying string loops around stable equilibrium positions corresponding to minima of the effective potential in the equatorial plane of the Kerr black holes are studied using the perturbation method. In the lowest approximation, two uncoupled harmonic oscillators are obtained that govern the radial and vertical oscillations; the higher-order terms determine nonlinear phenomena and transition to chaotic motion through quasi-periodic stages of the oscillatory motion. The radial profiles of frequencies of the radial and vertical harmonic oscillations that are relevant also in the quasi-periodic stages of the oscillatory motion are given, and their properties in dependence on the spin of the black holes and the angular momentum and tension of the string loops are determined. It is shown that the radial profiles differ substantially from those corresponding to the radial and vertical frequencies of the geodetical epicyclic motion; however, they have the same mass-scaling and their magnitude is of the same order. Therefore, we are able to demonstrate that assuming relevance of resonant phenomena of the radial and vertical string-loop oscillations at their frequency ratio 3 : 2, the oscillatory frequencies of string loops can be well related to the frequencies of the twin high-frequency quasi-periodic oscillations (HF QPOs) observed in the microquasars GRS 1915+105, XTE 1550-564, GRO 1655-40. We can conclude that oscillating current-carrying string loops have to be considered as one of the possible explanations of the HF QPOs occurring in the field of compact objects.
I. INTRODUCTION
Relativistic current-carrying string loops moving axisymmetrically along the symmetry axis of the Kerr or Schwarzschild-de Sitter black holes have been recently studied extensively [1] [2] [3] [4] ; the current-carrying string loops were first studied in [5, 6] . Tension of such string loops prevents their expansion beyond some radius, while their worldsheet current introduces an angular momentum barrier preventing them from collapsing into the black hole. There is an important possible astrophysical relevance of the current-carrying string loops [1] as they could in a simplified way represent plasma that exhibits associated string-like behavior via dynamics of the magnetic field lines in the plasma [7, 8] or due to thin isolated flux tubes of magnetized plasma that could be described by an one-dimensional string [9] [10] [11] . Motion of electrically charged string loops in combined external gravitational and electromagnetic fields has been recently studied for a Schwarzschild black hole immersed in a homogeneous magnetic field [12] .
The astrophysical applications of the current-carrying string loops have been focused on the problem of acceleration of string loops due to the transmutation process when energy of the oscillatory motion of the string is converted to energy of its translational motion [1] . Since the string loops can be accelerated to ultra-relativistic velocities in the deep gravitational potential well of compact objects [4, 13] , the string loop transmutation can be well considered as a process of formation of ultrarelativistic jets, along with the standard model based on the Blandford-Znajek process [14] and recently introduced "geodesic collimation" model [15] [16] [17] . It has been demonstrated that the cosmic repulsion plays an important role in the acceleration process of the string loops behind the so called static radius of the central object [4, 18, 19] .
Here we concentrate our attention on the inverse situation of small oscillations of string loops in vicinity of stable equilibrium positions in the equatorial plane of black-hole spacetimes that was proposed as a possible model of HF QPOs observed in black hole and neutron star binary systems [13] .
In the black hole systems observed in both Galactic and extragalactic sources, strong gravity effects have a crucial role in three phenomena related to the accretion disc that is the emitting source: the spectral continuum, spectral profiled lines, and oscillations of the disc; clearly, strong gravity has an important role also in the binary systems containing neutron (quark) stars. The best signature of the processes occurring in the strong gravity is frequency of observed oscillations because of possibility to obtain very high precision of its measurements [20] . HF QPOs of X-ray brightness had been observed in many Galactic Low Mass X-Ray Binaries (LMXB) containing neutron stars [see, e.g., [21] [22] [23] or black holes [see, e.g., [24] [25] [26] 34] . Some of the HF QPOs are in the kHz range and often come in pairs of the upper and lower frequencies (ν U , ν L ) of twin peaks in the Fourier power spectra.
The resonance orbital model of HF QPOs in black hole systems [27] , based on the frequencies of the geodetical orbital and epicyclic motion, is now partially supported by observations, in particular when frequency ratio 3 : 2 (2ν U = 3ν L ) is seen in twin peak QPOs in the LMXB containing black holes (microquasars), namely GRO 1655-40, XTE 1550-564, GRS 1915+105 [27] . However, in the case of the GRS 1915+105 source the HF QPO frequency set is more complex -in fact, at least five HF QPOs were observed there [28] . Therefore, in this case more complex models of HF QPOs have to be considered. In fact, the complete observed frequency set can be explained in the framework of the extended resonant orbital model ( [29, 30] ) based on the so called Aschenbach effect ( [31, 32] ); another possibility is related to the multi-resonance orbital model recently proposed in [33] .
Nevertheless, there remains a clear problem with explanation of the 3 : 2 frequency ratios observed in all three microquasars, GRO 1655-40, XTE 1550-564, GRS 1915+105, if the resonance orbital model with a unique variant of the twin oscillating modes with geodetical frequencies is applied, especially when the limits on the black hole spin given by the spectral continuum fitting ( [25, 34] ) are taken into account [35] [36] [37] . It seems that neither the resonant orbital (geodetical) model or any other proposed model could work simultaneously for all of the three microquasars [37] .
Therefore, we will test, whether the frequencies of the 3 : 2 twin peak oscillations observed in the three microquasars can be explained by the axisymmetric currentcarrying string loops oscillating in the field of a Kerr black hole, if the oscillations occur at the "resonant" radii where the radial and vertical frequencies have the rational ratio 3 : 2. In Section 2 we summarize the Hamiltonian formalism for the string loop motion and give the perturbative form of the Hamiltonian for motion in vicinity of equilibrium points located in the equatorial plane of Kerr black holes. In Section 3 we give the radial profiles of the frequencies of the radial and vertical modes of the oscillatory motion in terms of the dimensionless spin of the black hole and the angular momentum parameter of the string loop. We discuss their properties, comparing them to the radial profiles of the geodesic radial and vertical epicyclic motion in the Kerr backgrounds. In Section 4 we apply the oscillatory string-loop model to explain the frequencies of the twin peak HF QPOs observed with the frequency ration 3 : 2 in the three microquasars. Concluding remarks are presented in Section 5.
II. DYNAMICS OF RELATIVISTIC CURRENT-CARRYING STRING LOOPS IN THE FIELD OF KERR BLACK HOLES
The equations of motion for relativistic currentcarrying string loop with tension µ and scalar field φ governing the current generating an angular momentum are in the standard form presented in [1, 2] . The Hamiltonian form is introduced by [5] and for the Kerr spacetimes it is discussed in detail in the work [2] , the results of which are summarized in the following.
A. Kerr geometry Kerr black holes are described by the Kerr geometry that is given in the standard Boyer-Lindquist coordinates and the geometric units (c = G = 1) in the form
where
a denotes spin and M mass of the spacetimes. The physical singularity is located at the ring r = 0, θ = π/2. For a > M , the Kerr geometry describes naked singularity spacetimes, for a < M , black hole spacetimes. In the present paper we consider only the Kerr black hole spacetimes at the external region located above the event horizon (r > r + ) where the ring singularity and the causality violating region are irrelevant. The outer horizon is given by
The stationary limit surface r stat (θ), governing the boundary of the ergosphere, is given by
We shall use only the Boyer-Lindquist coordinates, since the Kerr-Schild "Cartesian" coordinates are useful in close vicinity of the ring singularity [2] . Using dimensionless radial coordinate r → r/M , dimensionless time coordinate t → t/M and dimensionless spin a → a/M , we can exclude mass M from our equations. We will return to the dimensional quantities in the section IV.
B. Hamiltonian formulation of the equations of motion of string loops
The string worldsheet is described by the spacetime coordinates X α (σ a ) with α = 0, 1, 2, 3 given as functions of two worldsheet coordinates σ a with a = 0, 1 that imply induced metric on the worldsheet in the form
where 2 |a = ∂2/∂a. The string current localized on the worldsheet is described by a scalar field φ(σ a ). Dynamics of the string, inspired by an effective description of superconducting strings representing topological defects occurring in the theory with multiple scalar fields undergoing spontaneous symmetry breaking [38, 39] , is described by the action S with Lagrangian L
where ϕ ,a = j a determines current of the string and µ > 0 reflects the string tension.
Varying the action with respect to the induced metric h ab yields the worldsheet stress-energy tensor density (being of density weight one with respect to worldsheet coordinate transformations)
The contribution from the string tension with µ > 0 has a positive energy density and a negative pressure (tension). The current contribution is traceless, due to the conformal invariance of the action -it can be considered as a 1 + 1 dimensional massless radiation fluid with positive energy density and equal pressure [1] . In the conformal gauge, the equation of motion of the scalar field reads (see [1] for details)
The assumption of axisymmetry implies that the current is independent of σ and j a,σ = 0. Using the scalar field equation of motion we can conclude that the scalar field can be expressed in a linear form with constants j σ and
Introducing new quantities
we express the components of the worldsheet stressenergy density Σ ab in the form
The string dynamics depends on the current through the worldsheet stress-energy tensor. The dependence is expressed using the angular momentum parameters J 2 and ω. The minus sign in the definition of ω is chosen in order to obtain correspondence of positive angular momentum and positive ω. For a given string loop, the tension µ > 0 and both angular momentum parameters, J > 0 and ω ∈ −1, 1 , are constant during its motion. for details see [1, 2] .
In the Kerr spacetime we can introduce the locally non-rotating frames corresponding to zero-angularmomentum observers (ZAMO) that are co-moving with the spacetime rotation [40] . ZAMO are observing the string loop in coordinates
Now it is clear that relative to ZAMO the string loops do not rotate, and for the string coordinates (14) we can obtain the relationṡ
For the function f (τ ), we obtain
Varying the action with respect to X µ implies equations of motion in the form
where the string loop momenta are defined by the relations
Defining affine parameter ζ, related to the worldsheet coordinate τ by the transformation
we can find the Hamilton equations
for the Hamiltonian given in the form
where α, β are the spacetime coordinates t, r, θ, φ -see [2] for details.
C. Integrals of the motion and the energy boundary function
The Kerr metric (1) does not depend on coordinates t (stacionarity) and φ (axial symmetry). Such symmetries imply conserved quantities -string energy and axial angular momentum. The conserved string energy E takes the form
The string loops do not rotate, but they have non-zero angular momentum, generated by the current. The axial component of the angular momentum reads
From equations (12-13) we clearly see that ω < 0 represents string loops with negative axial angular momentum L < 0, ω = 0 represents the string loops with L = 0, and ω > 0 represents the string loops with L > 0. Recall that in the non-rotating Schwarzschild spacetime, or any spherically symmetric spacetime, the string loop equations of motion are degenerated, being independent of the parameter L (or ω) [3, 13] . The string dynamics depends on the current J through the worldsheet stress-energy tensor. Using the two constants of motion (24) (25) , we can rewrite the Hamiltonian (23) into the form related to the r and θ momentum components
.
The equations of motion (22) following from the Hamiltonian (26) are very complicated and can be solved only numerically in general case, although there exist analytical solutions for simple cases of the motion in the flat or de Sitter spacetimes [3] .
The loci where a string loop has zero velocity (ṙ = 0,θ = 0) form boundary of the string motion that can be appropriately related to its energy. The boundary energy function serves as an effective potential of the string loop motion and is defined by the relation
where we use condition H = 0, given by reparameterization invariance of the action (6) [2] .
We can make the rescaling E b → E b /µ and J → J/ √ µ, due to the assumption of µ > 0. This choice of "units" will not affect energy boundary function and is equivalent to setting the string tension µ = 1 in Eqs (12-13), (27) . The energy boundary function then, in the standard Boyer-Lindquist r, θ coordinates, and in terms of the angular momentum parameters J and ω, takes the form
where we introduced the function
We define the function J 2 E (r; a, ω) governing the stationary points (local extrema) of the energy boundary function E b (r; a, J, ω) in the equatorial plane (θ = π/2) by the relation [2]
where we introduced the functions
We restrict our investigation to the black hole spacetimes (0 ≤ a ≤ 1) and the regions located above the outer horizon. The local extrema of the J 2 E (r; a, ω) function, given by the condition (J 2 E ) r = 0, enable us to distinguish the maxima and minima of the energy boundary function E b (r; a, J, ω). The local extrema of the function J 2 E (r; a, ω) are given by the relation
where 
We can see that the function J E(ex) (r; a, ω) is a very complex high-order polynomial function of the radial coordinate r and the black hole spin a, but it is only quadratic function of the parameter ω.
There are four different types of the behavior of the energy boundary function for the string loop dynamics in the Kerr BH or Schwarzschild spacetimes represented by the characteristic E = const. sections of the function E b (r, θ) depending on the parameters J, ω, a [1] . We can distinguish them according to two properties: possibility of the string loop to escape to infinity in the y-direction, and possibility to collapse to the black hole. A detailed discussion can be found in [2] ; here we shortly summarize the results.
In the Kerr BH spacetimes, we can distinguish four different types of the behavior of the boundary energy function and the character of the string loop motion; in Fig. 1 we denote them by points numbered by 1 to 4. The first case corresponds to no inner and outer boundary -the string loop can be captured by the black hole or escape to infinity. The second case corresponds to the situation with an outer boundary -the string loop must be captured by the black hole. The third case corresponds to the situation when both inner and outer boundary exist -the string loop is trapped in some region forming a potential "lake" around the black hole. The fourth case corresponds to an inner boundary -the string loop cannot fall into the black hole but it must escape to infinity.
For our following discussion only the third case, corresponding to the existence of "lakes" in the effective potential (energy boundary function) given for fixed values of the angular momentum parameters J and ω, will be relevant. The lakes are governed by the E = const. sections of the energy boundary function, at their center a stable equilibrium position of a string loop with fixed angular momentum parameters occurs, having energy corresponding to the minimal allowed value. Around such equilibrium positions, small oscillations of the string loop occur if its energy slightly exceeds the minimal value.
D. Perturbative Hamiltonian near equilibrium points
The equilibrium points of Hamiltonian (26) correspond to the local minima at X α 0 = (r 0 , θ 0 ) of the energy boundary function E b (r, θ). Therefore, the KolmogorovArnold-Moser theorem [41] can be applied. It is useful to write the Hamiltonian in the form
where we split H into "dynamical" H D and "potential" H P parts. Introducing a small parameter << 1, we can rescale coordinates and momenta by the relations
applied for the coordinates α ∈ {r, θ}. The polynomial expansion of the Hamiltonian into Taylor series around an equilibrium point and expressing in powers of the small parameter gives
where H k is homogeneous part of the Hamiltonian of degree k considered for the momentaP α and coordinates E (r) ≥ 0 is satisfied, the thin curves give the extrema function ω e(θ) (r; a) determining loci where dΩ θ /dr = 0. The zero points of the Ω θ (r; a, ω) function are for the black holes (with a < 1) and ω > 0 formally located at the outer horizon.
X
α . Recall that P α is quadratic in (26) and apears in H k only for k ≥ 2. If the string is sitting in local minima of E b , we have H D = 0 and hence H 0 = 0. The local extrema of the energy boundary function E b imply also H 1 (X α ) = 0. We can divide (37) by the factor 2 (recall that H = 0) expressing the Hamiltonian in the vicinity of the local minimum in the "regular" plus "perturbation" form
If the parameter = 0, we arrive to an integrable Hamiltonian
representing two uncoupled linear harmonic oscillators [2] . Performed "perturbation" approach corresponds to the linearization of motion equations in the neighborhood of the minima of the energy boundary function E b (r; a, J, ω).
III. FREQUENCIES OF HARMONIC OSCILLATIONS OF STRING LOOPS
Assuming small oscillations of an axisymmetric string loop near a stable equilibrium position corresponding to a minimum of the effective potential, the Hamiltonian of its motion has been given in a perturbative form, with leading term corresponding to linear harmonic oscillators in two uncoupled orthogonal modes -the radial and vertical ones. The higher order terms, characterized by the small parameter , govern non-linear phenomena causing coupling of the radial and vertical oscillatory modes, and determine transition to chaotic motion through quasiperiodic stages of the oscillatory motion. The frequencies of the radial and vertical harmonic oscillations are relevant also in the quasi-periodic stages of the oscillatory motion [13, 55] . Now we give the frequencies of the harmonic oscillations at the equatorial plane of Kerr black holes and determine properties of their radial profiles.
For harmonic oscillations of string loops around a stable equilibrium position with fixed coordinates r 0 and θ 0 = π/2 (recall that in the Kerr black hole spacetimes the equilibrium positions are allowed at the equatorial plane only) the string loop coordinates r = r 0 + δr, θ = θ 0 + δθ are governed by the equations
where the locally measured angular frequencies of the oscillatory motion are given by
The locally measured angular frequencies
are connected to the angular frequencies related to distant observers, Ω, by the gravitational redshift transformation
where Figure 4 : Properties of the fundamental angular frequency of the radial harmonic oscillations Ωr(r; a, ω) determined by the radial profiles of the characteristic functions ω(r; a) that are given for three typical values of the black hole spin a ∈ {0, 0.9, 1}. Regions where the string-loop motion is bounded and the expressions for the harmonic oscillations are relevant are greyed, regions below the outer horizon are hatched. The dashed curves give the divergence function ω d (r; a), the dotted curves give the allowance function ωa(r; a), the thin curves give the extrema function ω e(r) (r; a) determining loci where dΩr/dr = 0. Thick black curves give the zero function ω z(r) (r; a) determined by the condition Ωr = 0 that determines the region of the bounded energy constant sections allowing for both the radial and vertical oscillations.
If the angular frequencies Ω (r,θ) , or frequencies ν (r,θ) , of the string loop oscillation are expressed in the physical units, their dimensionless form has to be extended by the factor c 3 /GM . Then the frequencies of the string loop oscillations measured by the distant observers are given by
Notice that this is the same factor as the one occurring in the case of the orbital and epicyclic frequencies of the geodetical motion in the black hole spacetimes [42] . Therefore, the order of magnitude and scaling of the frequencies of the radial and vertical oscillations due to the mass of the central object is the same for both currentcarrying string loops and test particles.
The angular frequencies of the string loop oscillations related to distant observers take the dimensionless form
For ω = 0, these very complex relations take a simpler form
Even in this simplest case, the relations for the angular frequencies of the harmonic oscillations are still much more complex in comparison with the relations for the angular frequencies of the epicyclic geodetical motion in the field of Kerr black holes that take the form [42 ]
The radial and latitudinal frequencies of the string loop oscillations and the geodetical epicyclic motion are different, enabling some substantial modifications in the relation of the frequency ratio of the twin HF QPOs modeled by the string loop oscillations or the geodetical epicyclic oscillations.
In the Schwarzschild spacetimes with a = 0, the harmonic oscillations have frequencies relative to distant observers given by expressions relatively very simple for both string loops and test particles. Therefore, we can give the frequencies in dimensional form, as an example. In the case of string loops they read
while for the epicyclic motion of test particles there is
It is quite interesting that the latitudinal frequency of the string loop oscillations in the Schwarzschild (a = 0) or other spherically symmetric spacetimes equals to the latitudinal frequency of the epicyclic geodetical motion as observed by distant observers -for details see [13] . Therefore, in the degenerate situation of the spherically symmetric spacetimes, where the parameter ω is irrelevant for the string loop oscillatory motion, the vertical oscillations are fully governed by the gravity effect of the black hole and the string tension plays no role. However, it is not so in the rotating Kerr spacetimes where, even for string loops with ω = 0, the vertical harmonic oscillation have different form for the string loops and test particles, indicating an important role of the string tension and angular momentum even in the simplest state.
A. Properties of the radial profiles of the angular frequencies of the string-loop harmonic oscillations
We discuss properties of the radial profiles of both the radial and vertical angular frequencies of the harmonic oscillations.
First, we note that the radial profiles of the angular frequencies fulfill the symmetry relations Ω (r,θ) (r; a, ω) = Ω (r,θ) (r; −a, −ω);
therefore, it is enough to consider the spin parameter a in the interval 0 ≤ a ≤ 1, for the axial angular momentum parameter of the string loop in the interval −1 ≤ ω ≤ 1. For ω = 0, the angular frequencies depend on the a 2 only, i.e., there is Ω (r,θ) (r; a) = Ω (r,θ) (r; −a).
Notice that for angular frequencies of the epicyclic geodetical motion Ω (r,θ)(geo) (r; a) such a symmetry does not hold.
Second, we have to look for the zero points of the radial profiles that determine the limits on the existence of the oscillatory string-loop equilibrium points, and the local extrema of the radial profiles determining extremal values of the observed frequencies. The divergent points of the radial profiles have to be studied too. Moreover, there is also a new feature of the radial profiles of the radial and vertical oscillations of the string loops that is not present in the case of the epicyclic test particle motion and deserves a particular attention, namely the possibility that the radial and vertical frequencies coincide in a particular radius.
We have to stress that the string-loop harmonic oscillations are possible only if the equilibrium positions of the string loops are allowed, i.e., when the "lakes" of the energy boundary function exist. Therefore, the conditions
have to be satisfied simultaneously, and they put the limit on the validity of the formulas giving the angular frequencies of the radial and vertical oscillations. The second condition for J 2 E means that only the positive branch of the solution for J 2 E (r) function is relevant [2] and implies that the equilibrium points of the string loops will be allowed if
where the "allowance" function ω a (r; a) is a proper solution of the equation
that is determined by vanishing of denominator of the expression giving J 2 E (r; a, ω), since its nominator is positive above the outer horizon (at r > 1). Now we can study properties of the radial profiles of the angular frequencies Ω 2 θ (r; a, ω) and Ω 2 r (r; a, ω) of the string loop harmonic oscillations, taking into account the limits given by the function ω a (r; a).
The divergent points of both the functions Ω 2 θ (r; a, ω) and Ω 2 r (r; a, ω) are determined by the equation
where the "divergence" function ω d (r; a) is given by a proper solution of the equation
The zero points of the frequency profile of the vertical oscillations are given by the condition Ω θ (r; a, ω) = 0.
Therefore, the zero points can occur at the horizon, or if equality in the condition Fig. 1 ) is grayed. The regions below the BH outer horizont is hatched, and the divergence point of the angular frequency functions (for ω < 0) is denoted by the dashed line. The dotted vertical lines give the "allowance" limit determined by ωa(r; a). Physically relevant are only the shaded regions where both the radial and vertical angular frequencies are well defined simultaneously.
is satisfied. We have found no solution of the equality in the condition (62) that is always positive. The horizon is reached, if a maximum of the function Ω θ (r; a, ω) occurs. However, the function Ω θ (r; a, ω) has to be related to the allowance function ω a (r; a). The zero points of the radial profile of the frequency of the radial oscillations are given by the condition Ω 2 r (r; a, ω) = 0 (63) that corresponds to the limit on the existence of the stable equilibrium positions of the string loops in the form of the condition J E(ex) (r; a, ω) = 0. This is fulfilled when
where the function ω z(r) (r; a) is a proper solution of the equation The reality condition governing existence of the solution of (65) enables us to determine regions where the radial frequency of the string loop oscillations around the equatorial stable equilibrium positions is well defined. We have found two regions of stable equilibrium positions, and the related radial and vertical frequencies of the string loop oscillations; the additional inner region is located very close to the horizon in the field of nearextreme black holes with the spin a > a e(r) ∼ 0.9963 that can occur for a limited range of the string loop parameter ω. We demonstrate the special character of the behavior of the energy boundary function E b (r; a, J, ω) in the field of near-extreme Kerr black holes and related typical meridional sections of constant energy in Fig. 2 . The local extrema of the radial profiles of the angular frequencies of the vertical oscillations are given by the condition dΩ θ (r; a, ω) dr = 0.
This leads to vanishing of a very complex polynomial expression in all the variables r, a, ω and the solution in the form of the function ω e(θ) (r; a) is illustrated for typical values of the black hole spin a = 0, 0.9, 1 in Fig. 3 along with the functions ω d (r; a) and ω a (r; a). The local extrema are allowed for spin a > 0 and for ω > 0. However, the physically relevant oscillations occur only for the string loop parameter ω allowing also the radial oscillations. Outside this region, the function Ω θ (r; a, ω) governs oscillations of string loops falling into the black hole. The physically relevant extrema for string loops oscillating in vicinity of stable equilibrium positions can exist for the black hole spin a > a e(θ) ∼ 0.942. Note that relevance of the vertical (and radial) oscillations is restricted by the allowance function ω a (r; a). We can see in Figure 3 that the divergent and zero points of the angular frequency of vertical oscillations are forbidden by the allowance condition for all non-extreme Kerr black holes. In the case of extreme black holes (a = 1), the zero point is located at r = 1 where also the horizon is located, but this surface is degenerated, having infinite proper length, as well known [43] . The local extrema of the radial profiles of the angular frequency of the radial oscillations are given by the condition dΩ r (r; a, ω) dr = 0.
From the asymptotic behavior of the radial profiles of Figure 8 : The radial profiles of the angular frequencies of the string-loop harmonic oscillations Ωr (thin) and Ω θ (thick) in the near-extreme Kerr black hole spacetimes. The profiles are given in the representative cases depicted in Figure 7 that cover all qualitatively differing cases; the spin and angular momentum parameters a, ω are given explicitly in the subfigures. The dotted lines give the allowance limit. Regions where the string-loop motion is bounded and the profiles are physically relevant are grayed, multiple extrema can exits for the radial angular frequency Ωr being dependent on ω parameter.
the harmonic oscillations of the string loops and the vanishing of the Ω r (r; a, ω) at the innermost stable position, it is clear that at least one local maximum exists for the radial frequency profile. The implicit numerical solution of the extrema equation, given by the function ω e(r) (r; a), is illustrated for typical values of the black hole spin a = 0, 0.9, 1 in Fig. 4 , along with the functions ω z(r) (r; a), ω d (r; a) and ω a (r; a). The additional local extrema occur in the near-extreme black holes backgrounds with a > a e(r) ∼ 0.9963.
Using the characteristic functions of the parameter ω represented in figures 3 and 4, we give important examples of the radial profiles of the string-loop fundamental frequencies Ω r and Ω θ in figure 5 . The regions where "lakes" of the energy boundary function E b (r, θ; a, J, ω) can exist and the string motion is bounded (being of the type 3 on Fig. 1 Notice that in the case of a = 0.9999, and, of course, in the case a = 1, the allowance condition ω > ω a (r; a) directly restricts the region of the bounded oscillations. The allowance condition can be relevant in restricting the zero ω z(r) (r; a) and extrema ω e(r) (r; a) curves of the radial oscillatory frequency in the black hole spacetimes with a > a r(a) . = 0.99964.
In the parameter space a-ω, the distribution of qualitatively different types of the behavior of the radial profiles of the angular frequency Ω θ (Ω r ) having local extrema (additional local extrema or additional zero points) is presented in Figure 7 . For near-extreme black holes, the typical cases of the Ω θ and Ω r radial profiles are represented in Figure 8 for the parameters (a, ω) corresponding to the points (a)-(h) depicted in Figure 7 . According to the value of the string loop parameter ω, we can distinguish the situations where there are three local extrema, two maxima and one minimum, or two maxima and two additional zero points, or the restricted situations where the internal region of the oscillatory motion allows only segments of the region between two internal zero points of Ω r -see Figure 8 .
The coincidence condition for the radial and vertical Figure 9 : Test-particle epicyclic frequencies (left), and string-loop oscillatory frequencies νr, ν θ are given for the minimal string-loop angular momentum parameter ω = −1 (middle) and the maximal angular momentum parameter ω = 1 (right) for increasing spin a in the field of Kerr black holes with M = 10M . The radial profiles of the vertical (radial) frequencies are given by thick (thin) lines. The vertical frequency curves are restricted to the region of existence (zero point) of the corresponding radial frequency curves. Note that there is (aω) ↔ −(aω) symmetry for string-loop oscillatory motion, while it is not present for the test-particle epicyclic motion.) frequencies of the string loop oscillations reads Ω r (r; a, ω) = Ω θ (r; a, ω).
(68)
We have found that there is only one coincidence radius for all values of the spin a and the rotational string loop parameter ω in the Kerr black hole spacetimes. Notice that the situation can be more complex in the Kerr naked singularity spacetimes, similarly to the case of the test particle epicyclic motion [44] .
B. Classification of the string loop oscillations in the black hole spacetimes
We give classification of the radial profiles of the string oscillatory motion relative to the spin parameter a of the black hole and the angular momentum parameter ω of the string loop, focusing attention only on the properties of the oscillatory motion in the regions when the motion is bounded and both the angular frequencies are well defined simultaneously. There are four types of the behavior when at least one of the angular frequencies demonstrates different properties. We give properties of the radial profiles in all the four types.
Type I The radial angular frequency profile has one zero point and one local maximum. The vertical angular frequency is monotonously decreasing function of radius.
Type II The radial angular frequency profile has one zero point and one local maximum. The vertical angular frequency profile has one local maximum and the zero point at the horizon; the maximum is located in the physically relevant region of simultaneous relevance of the radial angular frequency, the zero point is located in the "unphysical" region.
Type III The radial angular frequency profile has two segments. The outer one has a local maximum and a zero point, the inner one has a local maximum in between two zero points; for near-extreme Kerr black holes with a > a r(a) only part of the inner segment is relevant. The extension of the region of relevance depends on the parameter ω as demonstrated in Figs. 8f-h. The vertical frequency profile has a zero point at the horizon (physically irrelevant) and a local maximum, but only two segments of the profile are relevant, corresponding to the regions where also the radial angular frequency is well defined; the inner segment is increasing, while the outer segment is decreasing with radius increasing.
Type IV The radial angular frequency profile has one zero point, two local maxima and one local minimum in between them. The vertical angular frequency profile has a zero point at the horizon and a local maximum. The physically relevant parts correspond to the regions where both the frequencies are defined.
In the space of parameters a − ω, we can define classes of the Kerr black hole spacetimes according to the types of the radial profiles of the radial and vertical angular frequencies of the string oscillations allowed in them. The classification is governed by Figure 7 .
We have to stress that for the near-extreme black holes with spin a > a e(r) ∼ 0.9963, we have found a special "strange" behavior of the radial oscillatory frequency with a small hump in the radial profile that can be transformed to the case when a separate additional "hill" occurs in the radial profile. It is of some interest that a similar strange 'humpy' behavior occurs in the struc- ture of the LNRF velocity profiles of the toroidal configurations of perfect fluid in the field of near-extreme black holes with spin a > 0.9999 [32] . This effect is connected to the so called Aschenbach effect demonstrating a humpy structure of the LNRF velocity profiles of Keplerian discs and occurring in the field of black holes with spin a > a A = 0.983 [31] . It could be interesting to look for a possible relation of the special 'humpy' effect of the string-loop oscillations and the Aschenbach effect of the geodetical motion related to properties of the perfect fluid toroidal configurations.
IV. STRING-LOOP OSCILLATIONS AT RESONANCE RADII AS A MODEL OF TWIN HF QPOS IN MICROQUASARS
The quasi-periodic character of the motion of string loops trapped in a toroidal space around the equatorial plane of a Kerr black hole (naked singularity) suggests interesting astrophysical application related to the HF QPOs observed in binary systems containing a black hole or a neutron star, or in active Galactic nuclei. Some of the HF QPOs come in pairs of the upper and lower frequencies (ν U , ν L ) of twin peaks in the Fourier power spectra. Since the peaks of high frequencies are close to the orbital frequency of the marginally stable circular orbit representing the inner edge of Keplerian discs orbiting black holes (or neutron stars), the strong gravity effects must be relevant in explaining HF QPOs [27] . Usually, the Keplerian orbital and epicyclic (radial and latitudinal) frequencies of geodetical circular motion [42, 45, 46] are assumed in models explaining the HF QPOs in both black hole and neutron star systems.
Before the twin peak HF QPOs have been discovered in microquasars [first by 47] , and the 3 : 2 ratio pointed out, [48] suggested on theoretical grounds that these QPOs should have rational ratios, because of the resonances in oscillations of nearly Keplerian accretion disks; see also [49] . It seems that the resonance hypothesis is now well supported by observations, and that the 3 : 2 ratio (2ν U = 3ν L ) is seen most often in twin peak QPOs in the LMXB containing black holes (microquasars). In addition, there is even some evidence of the same 3 : 2 ratio in the X-ray spectra of the Galaxy centre black hole in Sgr A * [31, 50, 51] , the Galactic nuclei MCG-6-30-15 and NGC 4051 [52] , and other active Galactic nuclei [53, 54] . Here we concentrate on the case of three microquasars, GRO 1655-40, XTE 1550-564 and GRS 1915+105, that are widely discussed in recent literature [37] .
Unfortunately, neither of the recently discussed models is able to explain the HF QPOs in all the microquasars [37] . Therefore, it is of some relevance to let the string loop oscillations, characterized by their radial and vertical (latitudinal) frequencies, to enter the play, as these frequencies are comparable to the epicyclic geodetical frequencies, but slightly different, enabling thus some relevant corrections to the predictions of the models based on the geodetical epicyclic frequencies ν θ , ν r . We again keep the assumption of the resonance phenomena occurring in the oscillatory motion. The resonant phenomena (parametric or forced) are discussed in standard textbooks [55, 56] , discussion of their relevance to the accretion phenomena can be found, e.g., in [33] . For string-loop small oscillations, the resonance phenomena are governed by the KAM theory [41] . Here we assume their relevance, postponing a detailed discussion to a future work.
We can assume applicability of the parametric resonance, discussed in [56] , focusing attention to the case of the frequency ratios ν θ : ν r = 3 : 2 or ν θ : ν r = 2 : 3, as the observed values of the twin HF QPO frequencies for GRO 1655-40, XTE 1550-564 and GRS 1915+105 sources show clear ratio
for the upper ν U and lower ν L frequencies -see Tab.I. We identify directly the frequencies ν U , ν L with ν θ , ν r or ν r , ν θ frequencies. In contrast to the resonance epicyclic model, the string loop oscillation model allows both frequency ratios ν θ : ν r = 3 : 2, ν θ : ν r = 2 : 3.
Since r 3:2 < r 2:3 , we call the first resonance radius, where ν θ : ν r = 3 : 2, the inner one, and the second resonance radius, where ν θ : ν r = 3 : 2, the outer one. Note that for the oscillating string loops also the 1 : 1, 1 : 2, 2 : 1, or other, resonant frequency ratios can be relevant -these can be relevant in other sources where such frequency ratios are observed, see, e.g., [52] , and will be discussed in future works. We have to stress that the region of the innermost oscillations occurring in close vicinity of the horizon in the field of near-extreme black holes with a > a e(r) = 0.9963 can be excluded from our discussion of the oscillations with the frequency ratio 3 : 2 (or 2 : 3), since we can demonstrate that the frequency ratios occurring in those regions are substantially higher (lower)-see Fig. 8 .
The frequency of the radial oscillations in the innermost regions of the near-extreme Kerr black holes is substantially lower in comparison with the frequency of the vertical oscillations, opening up potentially the possibility to relate them to the low-frequency QPOs observed sometimes in the microquasars along with the HF QPOs. However, such a possibility has to be studied very carefully, because the effective potential of such oscillatory motion is very shallow and strongly restricted to close vicinity of the innermost stable equilibrium points, as demonstrated in Figure 2 ; for a similar situation related to the epicyclic test-particle motion see [57] . Here, we focus our attention only to the oscillations around the outer stable equilibrium points where the frequency ratios 3 : 2 can occur.
For characteristic values of the black hole spin a = 0, 0.5, 0.99, we demonstrate behavior of the radial profiles of the radial and vertical frequency of the string-loop oscillations for the limiting values of the string-loop parameter ω = −1, 0, 1 in Figure 9 , where comparison to the frequencies of the epicyclic test-particle motion is also given. The qualitative differences are clearly seen, the crucial one being given by the fact that for the epicyclic test-particle motion there is always ν θ > ν r , while for the string-loop oscillation frequencies there is ν θ < ν r at large radii, while ν θ > ν r at small radii. Table I : Observed twin HF QPO data for the three microquasars, and the restrictions on mass and spin of the black holes located in them, based on measurements independent on the HF QPO measurements. The restrictions on the mass and spin are reflected by the gray rectangulars.
Further we demonstrate extension of the radial profiles Figure 10 . The extension of the radial profiles covering the whole range of −1 < ω < 1 increases strongly with the spin increasing. The extension is vanishing in the degenerate case of the Schwarzschild spacetimes with a = 0 and grows more strongly for positive values of the stringloop angular momentum parameter ω. Of course, this effect extends the possibility to meet the observationally given frequencies in the microquasars by the string-loop oscillation frequencies with increasing spin of the black hole background. The observed twin HF QPOs are determined by the frequency ratio and one of the observed frequencieswe use the upper of the observed frequencies (here, we do not consider the other measurable details of the observed oscillations, focusing attention on their frequencies only). The frequency ratio determines the resonant radius and the upper frequency, if the black hole spin a and the string loop parameter ω are given. We illustrate the dependence of the resonant radii and the related upper frequency on the parameters a and ω for both 3 : 2 and 2 : 3 ratios of ν θ : ν r in Figure 11 . We can see that the resonant radii r 3:2 and r 2:3 are separated for spin a < 0.5, while the upper frequencies ν U(3:2) = ν θ and ν U(2:3) = ν r are separated for a < 0.2. Notice that the resonant radii r 3:2 (ω = 0) and r 2:3 (ω = 0), and the resonant upper frequencies ν U(3:2) (ω = 0) and ν U(2:3) (ω = 0), depend only very weakly on the spin parameter a. Now we can turn to the possibility to fit the observed data in the three microquasars, GRO 1655-40, XTE 1550-564 and GRS 1915+105, to the string-loop resonance oscillation model.
For fixed black hole spin a and fixed string loop parameter ω, the upper frequency of the twin HF QPOs can be given as a function of the black hole mass M . If the black hole mass is restricted by independent observations, as is usually the case, we can obtain some restrictions on the string-loop resonant oscillations model, as illustrated in Figure 12 ., where the situation is demonstrated for typical values of the spin a = 0, 0.5, 0.99, and the limits on the black hole mass, given in Tab. I, are applied. We can see immediately that for the Schwarzschild black hole (a = 0), the string loop model can explain only the HF QPOs in the source GRS 1915+105, while introducing the spin and parameter ω improves the applicability of the string-loop resonant oscillations model substantially and enables explanation of the twin HF QPOs in all three microquasars. moreover, the string-loop resonant oscillations model predicts HF QPO frequencies that put generally additional restrictions on the black hole parameters, as illustrated in Figure 12 .
The strongest predictions are possible, if we use also the independent restrictions on the dimensionless spin a of the black holes that were obtained in the case of the three microquasars by the spectral fitting method (see [34] ), and are presented in Table II . Using the upper frequencies at the resonant radii in the framework of the string-loop resonant oscillations model, we obtain the relations M 3:2 = M 3:2 (a; ω) and M 2:3 = M 2:3 (a; ω) that can effectively restrict the range of mass parameter M for a fixed spin a and the whole range of the string parameter ω. The cases ω = +1, −1 determine the limiting curves in the M − a diagram as demonstrated in Fig.  13 . They can be confronted with the observational independent limits on the black hole mass and dimensionless spin, given by the shaded rectangulars in figure 13 . In such a way, we clearly demonstrate that the string-loop resonant oscillations model can successfully explain the frequencies of the twin HF QPOs observed in the three considered microquasars.
The observational results obtained for the three microquasars, giving restrictions on the mass and spin of their central black holes, constrain substantially the stringloop resonant oscillations model as demonstrated in Table II, putting relevant limits on the angular momentum parameter ω of the string loop. In two of the sources, GRO 1655-40, and GRS 1915+105, both the ratios ν θ : ν r = 3 : 2, 2 : 3 are allowed, while for the source XTE 1550-564, only the ratio ν θ : ν r = 2 : 3 is allowed. The string-loop resonant oscillations model puts also strong limits on the values of the string-loop parameter ω for all three microquasars. The data obtained for the three microquasars and the limits on their mass and spin determined by observations independent on the HF QPO measurements (e.g., the spectral fitting restricting the spin) imply that the string-loop resonance oscillations model with negative values of the parameter ω is preferred, with one exception of the oscillations at the resonant point r 2:3 of the microquasar GRO 1655-40 where only positive values of ω are allowed -see Table  II . A detailed information is contained in figure 13 . We can generally say that for a given box of values of mass and spin of a black hole, the resonance point at r 3:2 requires values of the string loop parameter ω shifted to lower values than the resonance point at r 2:3 .
The string-loop resonant oscillations model of the HF QPOs implies also additional restrictions on the mass and dimensionless spin of the central black hole in the microquasars. In the case of the three microquasars GRO 1655-40, XTE 1550-564, GRG 1915-105, we have found no additional restriction on the range of the mass parameter in the microquasar GRO 1655-40, a small restriction of the mass parameter of the microquasar XTE 1550-564, while in the case of the microquasar GRS 1915+105, the model admits only mass of the black hole M > 13M that represents a large reduction of the original restriction. No additional restriction on the black hole spin parameter is obtained in the case of all three microquasars.
V. CONCLUSIONS
We have studied frequencies of harmonic radial and vertical oscillations of relativistic current-carrying string loops in the equatorial plane of Kerr black holes, comparing them to the analogous frequencies of the radial and vertical geodetical epicyclic oscillatory motion of test particles. Magnitudes of both the string loop and test particle frequencies are comparable, having the same mass scaling, however, their radial profiles differ significantly. While the radial epicyclic frequency is always smaller than the vertical epicyclic frequency, the frequencies of the radial and vertical oscillations of the string loops coincide at a "coincidence" radius; the radial frequency overcomes the vertical frequency at radii exceeding the coincidence radius and is smaller under the coincidence radius.
The string loop oscillations could be related to the twin HF QPOs observed in microquasars, if we assume their occurrence at resonant radii, where the ratio of the fre-quencies becomes rational, and a parametric resonance can be relevant. In such a case, we have to consider a dichotomy introduced by the behaviour of the radial profiles of the radial and vertical string loop oscillations, since two resonant points with the same frequency ratio arise for string loop oscillations. In the field of Kerr black holes, the frequencies of the harmonic oscillations of string loops depend on the parameter ω belonging to the interval −1, 1 . that reflects the axial angular momentum parameter combining effects of both the angular momentum and tension related to the string, and representing a constant of the string-loop motion. The role of the ω parameter increases with increasing spin of the black hole, however, for the Schwarzschild spacetime (a = 0) degenerate situation arises, as the string loop motion is independent of ω. Note that the interplay of the black hole spin a and the string loop parameter ω has a crucial role in explaining the HF QPOs as the range of allowed frequencies governed by the whole interval of allowed values of ω increases strongly with increasing spin (see Figs. 9. and 12.) extending thus the ability to cover the observed HF QPO phenomena.
In the quasi-periodic regime the frequencies of the string-loop harmonic oscillations are relevant [2, 13] , therefore, we applied the model of the string-loop oscillations resonant at radii corresponding to the frequency ratio ν θ : ν r = 3 : 2, 2 : 3 to the twin HF QPOs observed with frequency ratio ν U : ν L = 3 : 2 in three microquasars GRO 1655-40, XTE 1550-564 and GRS 1915+105. We have demonstrated that the model of the string-loop resonant oscillations can well explain the observed twin HF QPOs for whole the range of the spin parameters expected in the three microquasars and implies a restriction of the range of the mass parameter in microquasars XTE 1550-564 and GRS 1915+105. The observational data put significant restrictions on the string-loop parameter ω in the case of all three microquasars. The string-loop resonant oscillations model can thus suffice a satisfactory explanation of the twin HF QPOs observed in microquasars, and can give an additional restriction on the black hole parameters.
The radial profile of the radial and vertical string-loop oscillations, demonstrating also the case of a unique observed frequency occurring at the coincidence radius, enables potentially explanation of more complex frequency patterns observed in some microquasars, or even in some binary systems containing a neutron star. The test of applicability of the string-loop resonant oscillations model in the cases when more than two HF QPOs are observed, as is the case of the GRS 1915+105 microquasar, or of some other sources, is of high relevance. Such situations will be studied in future works.
We conclude that the model of string-loop resonant oscillations can be relevant for the explanation of the HF QPOs observed in microquasars and binary systems containing a neutron (quark) star, and it deserves further investigation related to a more detailed physical description of the properties of the string loops and their oscillations, and models of optical phenomena related to radiating string loops in oscillatory motion.
